The material-point method is used to examine numerically the macroscopic stress-strain response of a granular sample under compression. The simulations reproduce experimental observations of the large stiffening that occurs as the granular bed becomes packed. We also show the network of force chains that forms and how the character of contacts between grains changes for large deformations. Finally, we examine the probability distribution of forces and observe exponential distributions above the mean with a small peak at the mean for small deformations, and a transition to a larger peak at larger deformations.
INTRODUCTION
A striking feature of granular material under weak compression is that forces are carried in a network of force chains. Thus, under weak compression, only a fraction of the grains, those contained in the network, support the applied force. These chains have been visualized using photoelastic materials in three-dimensional packings of beads [1] and in two-dimensional arrays of cylinders [2] . The distribution of forces in the medium is not uniform and can be locally large within the chain. Experiments [1] quantify the inhomogeneous nature of the forces by establishing the probability distribution of normal forces between neighboring grains. This distribution is shown to decay exponentially for forces above the mean. This relationship holds for a wide array of parameters, including grain geometry and interparticle friction. For large deformations, the relationship is not as clear [3] .
Another measure of the inhomogeneity in the force distribution is that the macroscopic force, for example under uniaxial compression, is a power law function of the applied deflection. The exponent in this macroscopic relation is, in general, different than that in the microscopic Hertzian law governing compression of individual grains in contact [4] . An exponent m with a value larger than one in the macroscopic law indicates that the number of paths of contacts increases as the deflection to the m − 1 power [5] .
Elban and Chiarito [6] studied compaction of the energetic material HMX (cyclotetramethylenetetranitramine). In one set of experiments, a narrow, #20 sieve cut of HMX provided a narrow distribution of grain sizes around the mean value of about 900 µm. Elban and Chiarito measured applied and transmitted forces, as well as the porous bed displacement. These data were plotted to show the dramatic increase in applied stress as a function of percent theoretical maximum density (% T M D) that occurs above about 80% T M D. The change in stiffness of the granular sample under compression has been attributed to a consolidation phase at small forces and to a consolidated phase at larger forces [7] . At small forces, the deformation of the sample is due to local displacements like sliding and rotations. As mentioned above, large stresses are carried in force chains that are loosely connected. At larger forces, the grains themselves compress and a strong stress network forms. With additional compression, the grains deform plastically or fracture, depending on the material.
In this paper, we examine compression of a granular sample numerically using the material-point method (MPM) [8, 9, 10] . MPM models each grain as a continuum. Employing continuum mechanics allows the use of realistic constitutive models to describe the material through the full range of deformation. An efficient frictional contact algorithm that determines the interactions between grains [11] makes it possible to include many grains in the sample. Simulations using the material properties of HMX agree well with the stress-strain response reported in [6] . We also find a probability distribution of forces in agreement with experiment [1, 3] .
APPROACH
We simulate granular materials with the material-point method (MPM) [8, 9, 10] . Grains deform according to continuum constitutive models, in which stress and strain are the principal variables. Interactions between grains are modeled by a kinematic contact algorithm, which forbids interpenetration but allows separation, sliding with friction, and rolling [11] . (By contrast, in the well-known distinct element method contact forces between grains are the principal variables, and the volume distribution of stress is not computed [12, 13] .) Calculation in a common rest frame eliminates a separate contact detection step, achieves a solution with one sweep through the computational mesh, and yields a linear scaling of the computational cost with the number of grains. By comparison, pairwise interaction algorithms scale quadratically. It is also worth noting that the complexity of MPM calculations does not increase if the grain shape is varied, so we can include arbitrary shapes and allow plastic deformation or fracture in our analyses. Momentum and energy transport during collisions have been investigated with good results [14] , and other tests show reasonable accuracy for contact forces [11, 15] .
In the simulations, the grains are modeled using von Mises plasticity with linear hardening. The material constants are chosen to represent the energetic crystal HMX. The shear and bulk moduli are 7.48 GPa and 11.36 GPa, the yield strength is 0.3 GPa, the hardening modulus is 0.01 GPa and the density is 1900 kg/m 3 . A friction coefficient of 0.3 is used for the Coulomb friction model governing the contact between grains. The simulations are two dimensional. Figure 1 shows the initial grain configuration. There are 80 grains with varying shapes and sizes; the coloring distinguishes the individual grains. Initially, the grains are at 78.3% T M D. The domain containing the grains is initially one centimeter square with a rigid bar across the top that acts like a piston to compress the grains. The piston moves at 30 m/sec vertically downward. A uniform, square grid with 60 × 63 elements discretizes the domain so that each element is square with side length 0.167 mm. The timestep is selected to satisfy the CFL condition for an explicit algorithm. Output is generated every 25 µsec, or in intervals of 0.75% strain. The simulation ends at 1 msec, or at 30% strain. Figure 2 shows the configuration of the grains at intervals of 5% strain. The first few frames are consistent with a consolidation phase where the grains are rearranging and contacts are forming in networks. The latter frames show the consolidated phase in which grains are deforming and strong networks appear, followed by plastic deformation of the grains.
RESULTS
In experiments, force chains are visualized using photoelastic materials [1, 2] . The optical properties of these materials change when they are stressed. Light intensity in experimental images is a function of the difference in principal stress. Thus, we can achieve a similar effect in the numerical simulations by making contour plots of the principal stress difference. Figure 3 displays such plots, again at intervals of 5% strain. For each frame, the mean value of the principal stress is computed and the data are scaled by this mean. The contour levels are from 1 to 2.5 times the mean value. Up to 20% strain the force chains are distinguished by high levels of the difference in principal stress. From 20% to 30% strain, the more uniform coloring indicates that the large variations in principal stress difference have diminished and the value is more uniform and near the mean value. These 
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images clearly show a loose network at early stages followed by increasing connectivity of the force network, and eventually fairly uniform contact as the grains deform plastically and fill the container in the final stages of deformation.
Elban and Chiarito [6] fit a ninth degree polynomial to their data giving a relationship between intergranular stresses τ i and % T M D. Intergranular stresses are defined to be the average of applied forces F a and transmitted forces F t , divided by the cross-sectional area A of the grain sample and (1 − ϕ ave ), where ϕ ave = 1 − (% T M D)/100 is the average porosity.
Elban and Chiarito [6] also find that the transmitted forces are about 60% of the applied forces. Accordingly, we can infer a relationship between applied stress σ a and % T M D.
In the numerical simulation, the applied stress is computed as an average of the σ yy -component of the stress over the domain.
where H is the height of the sample. Figure 4 (a) shows a plot of applied stress σ a vs. % T M D for Elban and Chiarito's HMX-9 sieve-cut sample and the same data as calculated from the numerical simulation, Σ yy vs. % T M D. Similarly, Figure 4 (b) plots applied stress vs. engineering strain. In the latter figure, we see that the stiffening of the granular sample occurs at lower strain in the simulation than in the experiment. This observation is to be expected since the simulation is only two dimensional. In two dimensions, the grains are actually cylinders with their axes perpendicular to the page. These grains have less flexibility to reorganize during the consolidation phase of the deformation. Thus, the onset of the consolidated phase should occur at lower strain. It is interesting to note that the comparison between experiment and simulation is more favorable when applied stress is viewed as a function of % T M D. This view might provide a method to remove the dimensionality; however, more samples are needed to establish a consistent pattern. Figure 5 (a) shows a semilog graph of the probability distribution of normalized stress σ yy /σ yy , whereσ yy is the mean value of the stress. As in experiments [1] , we observe the stresses to be exponentially distributed above the mean with a small peak below the mean. The data in this figure are from all time slices; however, the stresses for each time slice are normalized by the mean for that slice. Erikson, et al. [3] experimentally studied force distributions in granular packs of rubber beads under larger deformations. For strains above about 30%, they observed an increase in the peak of the distribution at mean force and a decrease in slope of the exponential tail. insignificant differences between the distributions. Between 20-25% strain a transition is observed where a peak in the distribution forms and the slope of the exponential tail decreases. This effect is enhanced when strains between 25-30% are examined. These results are consistent with Erikson, et al. [3] . Even larger strains result in a higher peak in their distributions, with a sharp point at the peak [3] . Further studies are required to determine whether the simulations have a similar character above 30% strain, or whether there is a transition to a Gaussian distribution at larger strains.
CONCLUSIONS
The material-point method provides a capability to numerically study the compaction of dry granular material, particularly when the deformation is large. The contact algorithm is efficient and allows simulations requiring many contacting, deforming grains. The use of continuum constitutive models enables an accurate, quantitative description of the macroscopic material response.
In this paper, an MPM simulation is used to derive the macroscopic stress-strain response of a granular HMX sample under compression and shows the large stiffening that occurs as the granular bed becomes packed. The computed response agrees quantitatively with experiments when applied stress is plotted against % T M D. We also show the network of force chains that forms and how the character of contacts between grains changes for large deformations. Finally, we examine the probability distribution of forces above the mean and find these forces to be distributed exponentially. The distribution has a small peak near the mean for small deformations. A transition to a distribution with a more pronounced peak and steeper exponential tail is observed at larger deformations, consistent with experimental observations.
